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Abstract
Flexoelectricity in nanobeams under torsion
Jordi Moliner Mart´ınez
Electromechanical couplings are essential in many technological fields. These materials
are capable of creating an electric field when being deformed but also to deform when
subjected to an electric field. Piezoelectricity is usually the first word that comes into
our mind when talking about electromechanical coupling. Nonetheless, during the 60s,
a new electromechanical coupling was discovered: flexoelectricity. Flexoelectricity is a
universal property of all dielectrics by which they generate a voltage in response to an
inhomogeneous deformation. It couples polarization and strain gradient and it exists in
a wide variety of materials, being most noticeable for nanoscale objects, where strain
gradients are higher.
Polarization and strain gradient are related by a flexoelectric coefficient. Self-consistent
numerical solutions of the flexoelectric governing equations are fundamental to under-
standing flexoelectricity and interpreting characterization experiments. Several studies
have focused on estimating these coefficients under bending and compression. Neverthe-
less, flexoelectricity under torsion has not been addressed so far. One possible reason is
that linear isotropic elasticity predicts a strain-gradient field producing no polarization
in a material with cubic flexoelectric symmetry aligned with the axis of the rod. This is
the case even for non-circular cross-sections when uniform warping is assumed. However,
deviations from this ideal theory may mobilize flexoelectricity.
In this work, we explore this possibility by studying the flexoelectric response of nanobeams
under torsion both analytically and computationally. We first show with a simplified an-
alytical model that a polarization can indeed be obtained in a truncated cone under
torsion. The coupled governing equations of flexoelectricity are then solved in the same
geometry. Since these equations involve high-order spatial derivatives, standard C0 finite
elements cannot be used. Here we resort to a method based on smooth shape functions,
thus providing both continuity and derivability to simulate the flexoelectric effect. Both
analytical and numerical results are compared and discussed. Finally, other geometries
are analyzed and compared among them using numerical simulations to evaluate the
flexoelectric response.
i
ii
Flexoelectricity in nanobeams under torsion 
Jordi Moliner Martínez 
Flexoelectricity → electromechanical coupling 
𝑃𝑖 = 𝜇𝑖𝑗𝑘𝑙
𝜕𝜀𝑗𝑘
𝜕𝑥𝑙
 
 Relation between strain gradient & polarization 
 Nanoscale systems induce larger strain gradients 
 Presence in any crystalline material 
Characterization of the flexoelectric tensor 𝜇𝑖𝑗𝑘𝑙  
Reduced to 3 components for cubic symmetry materials 
 Longitudinal: 𝜇1111  
 Transversal: 𝜇1122  
 Shear: 𝜇1212  
 
 
 
Setups to characterize 𝜇𝑖𝑗𝑘𝑙  
 𝜇1111  → cantilever beam under flexion 
 𝜇1122  → truncated pyramid under compression  
But: 
 𝜇1212  → no setups until the moment 
Torsion could induce a shear strain gradient 
Need to explore geometries to obtain P analytically 
The elastic problem is solved for: 
 Cylindrical bar: 𝜕𝜀𝑗𝑘 / 𝜕𝑥𝑙  = 0 → P = 0 
 Truncated cone: 𝜕𝜀𝑗𝑘 / 𝜕𝑥𝑙  ≠ 0 → P ≠ 0 
Polarization is obtained when a torque is applied on the 
free end of a truncated cone  
But the elastic and the electric problems are uncoupled 
↓ 
A certain error is produced 
𝑃𝑚𝑎𝑥 ,𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙𝑙𝑦 = 0.0434 𝐶/𝑚
2 
 
Numerical methods are needed to solve the coupled problem accurately 
𝜕𝜀𝑗𝑘 / 𝜕𝑥𝑙  → need to compute 2
nd
 derivatives of the displacement field → cannot use traditional FEM 
Local maximum - entropy scheme with 𝒞∞  smooth functions is used to obtain P 
𝑃𝑚𝑎𝑥 ,𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙𝑙𝑦 = 0.0323 𝐶/𝑚
2 
 
Comparison of results: 
 𝑃𝑚𝑎𝑥 ,𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙𝑙𝑦 ≅ 𝑃𝑚𝑎𝑥 ,𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙𝑙𝑦   
In both cases P is maximum where the torque is applied 
Analytical solution produces small error for this case 
 
 
Other geometries are studied: 
 
 
 
 
 
Error of one order of magnitude between analytical and numerical solutions for the plate truncated cone 
↓ 
To measure polarization accurately with general geometries, numerical method is needed 
 
The maximum value of P is obtained for a plate truncated cone → ideal candidate for experimental configuration 
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1 INTRODUCTION 1
1 Introduction
1.1 Field of study
Electromechanical coupling, i.e. the coupling between electrical and mechanical proper-
ties, is present in a large variety of materials. Piezoelectricity is the first word that comes
up to our minds when mentioning electromechanical coupling. Only a small group of
materials (those which are non-centrosymmetric) are piezoelectric, which means they are
capable of developing polarization when a homogeneuos deformation is applied and vicev-
ersa. Nonetheless, there are many other materials in which electromechanical coupling
exists and they are not necessarily following the rules of piezoelectricity. Then, what
phenomenon induces polarization when these materials are deformed? Flexoelectricity.
Flexoelectricity is a universal property of all dielectrics by which they generate a voltage
in response to a strain gradient and viceversa, rather than polarization and strain as in
piezoelectricity (Kogan, 1964 and Tagantsev, 1986). It is considered to be an essential
electromechanical coupling in non-piezoelectric materials (Zhu et al., 2006).
Figure 1: Atomic mechanism of flexoelectricity: (a) Uniform strain that does not break
inversion symmetry so it cannot create polarization in a centrosymmetric material. (b)
Strain gradient that breaks inversion symmetry and leads to relative displacements of
the centers of both negative and positive charges, inducing polarization in any material
(Zubko et al., 2013).
While piezoelectricity is induced by a homogeneous deformation, flexoelectricity is in-
duced by a strain gradient or, in other words, an inhomogeneous deformation. Thus,
flexoelectricity effects are considerably higher in nanoscale systems than in macroscale
systems because strain gradients are inversely proportional to the element size. This is
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a situation that civil engineers are not used to dealing with because most of the time
inhomogeneous deformations are avoided by all means since they lead to stress concen-
trations and damage. Now it is time to face a problem the other way around, trying to
maximize heterogeneous strain in order to obtain as much polarization as possible due to
the flexoelectric effect.
Furthermore, only crystalline structures with no inversion symmetry (non-centrosymmetric)
can develop piezolectricity, whereas flexoelectricity can be induced in any crystalline ma-
terial regardless the atomic bonding configuration (Resta, 2010 and Hong and Vanderbilt,
2011). This property widens the alternative of materials that can produce polarization
when being non-uniformly deformed. For a detailed schematic, see Fig. (1).
These differences between both phenomena are crucial to understand the importance of
flexoelectricity and the impact of recent studies related to it. The flexoelectric effect
can be exploited in any dielectric material, regardless if it is piezoelectric or not, which
makes it universal. Despite that inducing a strain gradient is more difficult than inducing
a simple deformation, flexoelectricity has recently gained attention due to the current
popularity of nanotechnology and the continuous development of nanomaterials (Nguyen
et al., 2013). Research on this field is expected to grow in the near future, widening the
applications of flexoelectricity.
The fields of study related to flexoelectricity are extensive. Recent works have shown that
this phenomenon may be present in hair cells (Nguyen et al., 2013), biological membranes
(Petrov, 2002), viruses (Kalinin et al., 2006), soft materials such as liquid crystals (Petrov,
1975) or even graphene (Kalinin and Meunier, 2008), among many others.
Polarization is proportional to the strain gradient and to the flexoelectric coefficient.
Thus, the larger the values of strain gradient and/or flexoelectric coefficient are, the more
polarization is induced. It has been found that flexoelectric coefficients are particularly
large in materials with high dielectric constants, such as ferroelectrics (Ma and Cross,
2006 and Cross, 2006). To quantify flexoelectricity in experiments it is essential to use
materials with large flexoelectric coefficients in order to measure a noticeable value of
polarization.
Thus, flexoelectricity is used in a continuum setting as a linear relation between polariza-
tion and strain gradients characterized by a forth-rank tensor.
1 INTRODUCTION 3
The fundamental equation of flexoelectricity can be expressed as:
Pi = dijkσjk + µijkl
∂εjk
∂xl
, (1)
where Pi is the polarization, dijk is the coefficient of direct piezoelectric effect, σjk is the
applied stress, µijkl is the fourth-order tensor of flexoelectricity and ∂εjk/∂xl is the strain
gradient.
For centrosymmetric materials for which piezoelectric effects are absent, Eq. (1) becomes:
Pi = µijkl
∂εjk
∂xl
. (2)
The polarization due to the strain gradient is proportional to a fourth-order tensor of 54
different components, commonly represented as µijkl. For materials with cubic symme-
try, these 54 different components are reduced to 3, which are related to longitudinal,
transversal and shear stresses, as presented in Table (1).
Stress µijkl
Longitudinal µ1111
Transversal µ1122
Shear µ1212
Table 1: Flexoelectric coefficients for each type of stress.
Recent studies have focused on obtaining the µ1111 and µ1122 coefficients. The most com-
mon setups to characterize these coefficients are the cantilever beam (Abdollahi et al.,
2014) and the truncated pyramid (Abdollahi et al., 2015). Intuitively, the third flexo-
electric coefficient µ1212 could be characterized with a torsion setup. Nonetheless, there
are not any studies of flexoelectricity in beams under torsion except (Zhang et al., 2013),
but the shear flexoelectric coefficient µ1212 is not characterized. A possible explanation
is that the theory of elasticity predicts a strain gradient field which does not induce po-
larization in a material with flexoelectric symmetry aligned with the longitudinal axis of
the beam. The same problem happens with non-circular sections if uniform warping is
assumed (Sokolnikoff, 1948).
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1.2 Objectives
The objective of this work consists on exploring the possibility of using torsion to obtain
polarization that could be measured in a experiment and therefore characterize the µ1212
coefficient. Firstly, several configurations of beams will be studied following analytical
methods to check whether they are capable of inducing polarization. Secondly, the flexo-
electric coupled problem will be solved numerically using a meshless method with smooth
basis functions to deal with high order spatial derivatives. Then, both analytical and
numerical results will be compared. Finally, other configurations and geometries will be
explored to maximize the polarization. One of these configurations could be eventually
studied in an experiment and therefore the µ1212 coefficient could be estimated.
The structure of the work is as follows. In Section (2), the state of the art is developed and
the current situation of the flexoelectric fields is presented as well as the most noticeable
setups that have been carried out until the moment. In Section (3), the methodology used
in this work is described. The analytical method to obtain a flexoelectric effect under a
torque applied on a truncated cone is introduced in Section (3.1) and the numerical
method used to obtain a flexoelectric response is explained in Section (3.2). In Section
(3.3), both methods are compared to check whether their solutions are consistent or not.
In Section (4) the results are discussed and other geometries apart from the truncated
cone are analyzed and compared. Finally, in Section (5) the main conclusions of this work
are presented as well as the directions of future work that could be followed in order to
expand the research on flexoelectricity.
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2 State of the art
Several studies on flexoelectricity have been carried out during the last years. Neverthe-
less, the µ parameter characterization has not always been accurate enough. From Eq. (2)
it is possible to see that a strain gradient produces an electric polarization and viceversa.
It is not possible to calculate separately the elastic and the flexoelectric problems because
both phenomena are coupled.
This situation can be explained with the direct and converse flexoelectric effect. For the
direct effect, in the absence of an electric field, a strain gradient induces a homogeneous
polarization. Nevertheless, for the converse effect, in a mechanically free sample, a ho-
mogeneous electric field does not cause a strain gradient or any other linear mechanical
response (Zubko et al., 2013).
Solving the coupled problem with analytical methods is complex. An alternative to pro-
ceed is to neglect this coupling effect and introduce the solution of the elastic problem
in the equation of flexoelectricity, but taking into account that some error will be pro-
duced. A few studies in the last years followed the already mentioned proceeding, which
may imply errors of several orders of magnitude between theoretical and experimental
estimations depending on features such as the geometry of the problem (Zubko et al.,
2007).
The most common setups to characterize the longitudinal and the transversal flexoelectric
coefficients are detailed below. Then, other studies related to shear flexoelectricity are
introduced.
2.1 Cantilever beam setup
This setup is a typical 2D study of the flexoelectric effect. It consists on a cantilever
beam under a mechanical point load F at the non-fixed end. Two different cases of study
are analyzed: the first case consists on an open circuit configuration where the electric
potential is set to zero at the fixed end, whereas the second case consists on a closed circuit
configuration where the electric potential is fixed to zero at the top with an electrode at
the bottom (Abdollahi et al., 2014). In Fig. (2), a detailed schematic of this setup is
presented.
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Figure 2: Cantilever beam setup (Abdollahi et al., 2014).
Therefore, in this first setup the methodology to obtain values of the longitudinal coef-
ficient µ1111 is analyzed. The value of this coefficient is estimated to be between 1 and
100µC/m for BST (Zubko et al., 2013). This coefficient relates the flexoelectric response
after applying a bending load, which induces a strain gradient on the cantilever beam.
2.2 Truncated pyramid setup
This setup is a 3D study of flexoelectricity, which makes it more complex than the setup
introduced in Section (2.1). It consists on a truncated pyramid under a mechanical load
F , uniformly distributed at the top and bottom surfaces, where the electric potential is
zero at the bottom and constant but unknown at the top (Abdollahi et al., 2015). In
Fig. (3), a detailed schematic of this setup is presented.
Figure 3: Truncated pyramid setup (Abdollahi et al., 2015).
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Several different cases of truncated pyramids have been studied, varying the boundary
conditions and the inclination angle of the pyramid. It has been found that for slim
pyramids, where the inclination angle is large, the simplified analytical solution is close
to the numerical coupled solution. Nonetheless, for plate pyramids with low values of the
inclination angle, the analytical solution overestimates the flexoelectric coefficient µ1122.
It has also been proved that the lower is the inclination angle of the pyramid, the higher
is the effective electromechanical coupling.
Therefore, in this second setup the transversal coefficient µ1122 is analyzed. The value of
this coefficient is estimated to be between 1 and 100µC/m for BST (Zubko et al., 2013).
This coefficient relates the flexoelectric response with polarization under compression,
which induces a strain gradient on the pyramid.
2.3 Research on flexoelectricity under torsion
Research on the shear coefficient µ1212 is scarce at this moment. While the cantilever
beam and the truncated pyramid are common and have been analyzed, there have not
been many approaches to flexeoelectricity under torsion.
One of these few approaches is a recent experiment that has been carried out to develop
a flexoelectric effect-based sensor for direct torque measurement (Zhang et al., 2013).
This measurement mechanism does not require external electric power excitation and
therefore noise is avoided, providing higher accuracy when measuring. Nonetheless, the
shear coefficient µ1212 is not analyzed nor calculated.
8 2 STATE OF THE ART
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3 Methodology
In this section, both analytical and numerical methods to obtain the flexoelectric effect
under a shear strain gradient are described and implemented on a truncated cone. Fi-
nally, a comparison between both methods is developed to check whether the results are
consistent or not.
The material that has been used for the development of the problem in this work is
Barium Strontium Titanate (BST) in its nonpiezoelectric phase at room temperature.
This material has cubic symmetry and is considered to be one of the strongest flexoelectric
materials. BST is a ferroelectric material which behaves as a dielectric material for a range
of values of the electric field, which means it has a certain electric coercivity.
3.1 Analytical method
It is not trivial to obtain a strain gradient when applying a load on a beam, especially un-
der a shear strain. The geometry of the beam is essential to induce large strain gradients
and of course large polarization. To simplify the problem, isotropic elasticity and permit-
tivity are considered and cubic symmetry is adopted for the flexoelectric tensor. Therefore
there are only two independent elastic constants, which are the Young’s modulus E and
the Poisson’s ratio ν.
Probably the most simple geometry to work with is the cylinder. Thus, let us check if
polarization is induced with this geometry first. According to (Miquel-Canet, 2012), for
a cylindrical bar under uniform warping, the displacement field in Cartesian coordinates
is:
u1 = −θ x3 x2 u2 = θ x3 x1 u3 = θ ϕ(x1, x2) , (3)
where θ is the angle of twist and ϕ(x1, x2) is a warping function to be determined and
whose Laplacian is zero. Then, according to (Agelet and Oliver, 2000), the expression of
the strain and its gradient can be written as:
εij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
)
, (4)
∂εij
∂xl
=
1
2
∂
∂xl
(
∂ui
∂xj
+
∂uj
∂xi
)
, (5)
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and after applying Eq. (2), polarization becomes:
P1 = 0 P2 = 0 P3 =
θ
2
4ϕ = 0. (6)
Now it is proved that for a cylindrical bar under uniform warping, polarization is not
induced. Thus, other conditions or geometries need to be explored.
A truncated cone is proposed as the second geometry to work on and check if the flexo-
electric effect is induced. This cone is fixed on the larger base and is free on the smaller
base, where a pure torque effort is applied. From now on, x1 = x, x2 = y and x3 = z.
Figure 4: Schematic of the truncated cone and the applied torque.
For pure torsion, the angle of twist θ(z) of a continuously varying bar such as a truncated
cone is:
θ(z) =
∫ z
0
T
GJ(α)
dα , (7)
where T is the torque applied and J is the polar moment of inertia which can vary along
the z axis.
For the free end of the truncated cone, the prescribed angle of twist θL can be obtained
after integrating Eq. (7) from 0 to L, as:
θL =
2T L
3 pi G (r0 −R0)
( 1
R30
− 1
r30
)
. (8)
Therefore the applied torque T can be obtained as:
T =
3 θL pi G (r0 −R0)
2L
(
1
R30
− 1
r30
) . (9)
The shear strain of the truncated cone under this torque can be expressed as:
γ(z) = r(z)
∂ θ(z)
∂ z
, (10)
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where r(z) is the radius of the cone, which varies along the z axis. Consequently, the
shear strain gradient is obtained as:
∂ γ(z)
∂ z
=
∂
∂ z
(
r(z)
∂ φ(z)
∂ z
)
. (11)
After inserting Eq. (7) in Eq. (11) it is possible to derive the strain gradient function:
∂ γ(z)
∂ z
=
8T (R0 − r0)
pi GL
(r0 −R0
L
z +R0
)−4
. (12)
The strain gradient can be further expanded by substituting Eq. (9), which is the value
of T , in Eq. (12).
∂ γ(z)
∂ z
=
12 θL (r0 −R0)2
L2
(
1
r30
− 1
R30
) (r0 −R0
L
z +R0
)−4
. (13)
As Eq. (13) shows, the strain gradient is not zero for a truncated cone under the twist θL.
In addition, it does not depend on the shear modulus of the material G. For a cylindrical
bar, where the radius is constant, the strain gradient becomes zero, as previously proved.
According to Eq. (2), if the strain gradient is not zero, a certain polarization P is induced.
This polarization is obtained as:
P (z) = µ1212
∂ γ(z)
∂ z
, (14)
where µ1212 = 0.1µC/m
2. The exact value of µ1212 is uncertain therefore an estimated
value has been used. The other values characterizing the cone are presented in Table (2).
Property Symbol Numerical value
Larger base radius R0 263 nm
Smaller base radius r0 75 nm
Height L 1 µm
Prescribed angle of twist θL 0.075 rad
Young modulus E 153 GPa
Poisson ratio ν 0.333
Shear modulus G 57.4 GPa
Table 2: Dimensions and properties of the truncated cone.
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It is possible to see from Eq. (14) that the strain gradient varies along the z axis inducing
a polarization due to flexoelectricity.
Figure (5) shows how polarization varies along the z axis, from 0 to L.
 
Figure 5: Polarization obtained using the data in Table (2) for the truncated cone.
The maximum value of the induced polarization according to the analytical results is:
Pmax, analytically = 0.0434C/m
2 . (15)
Polarization is accumulated on the free end of the truncated cone and it decreases along
the z axis, becoming zero on the fixed end of the truncated cone.
The elastic and the flexoelectric problems are not coupled in the analytical method. The
strain gradient has been calculated according to the theory of elasticity and then intro-
duced in the equation of flexoelectricity, without taking into account the effects that the
polarization would produce on the strain gradient and viceversa. This is a simplification
that has been introduced in order to obtain an approximate solution of the problem,
therefore an error has been introduced by neglecting the coupling of both phenomena.
After evaluating the results of the numerical solution it will be possible to decide whether
the analytical method under/overestimates the value of the polarization.
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3.2 Numerical method
Analytical solutions can be derived for only the mechanical problem and for a few simple
geometries such as the cylindrical bar or the truncated cone. Self-consistent numerical
solutions of the flexoelectric governing equations are needed for an accurate estimation
of the flexoelectric effect. Solving the coupled problem of flexoelectricity is essential to
properly understand experiment measurements and, consequently, correctly estimating
the flexoelectric coefficients. Indeed, as shown by (Abdollahi et al., 2014 and Abdol-
lahi et al., 2015), estimating the strain gradients in common experimental setups from
elasticity alone (thereby neglecting the electromechanical coupling) leads to over- or un-
derestimation of the flexoelectric coefficients by several orders of magnitude. For this
reason, the flexoelectric problem needs to be coupled and all calculations should be made
as introduced in this section.
The constitutive equation for the electric polarization P in a linear dielectric solid which
possesses flexoelectricity is:
Pi = χij Ej + µklij∇j εkl , (16)
where the first term corresponds to the dielectric response and the second term corre-
sponds to the flexoelectric effect. E is the electric field, ε is the mechanical strain and χ
is the second-order dielectric susceptibility tensor.
The electric displacement D can be therefore expressed as:
Di = ε0Ei + Pi = κij Ej + µklij∇j εkl , (17)
where ε0 is the permittivity of free space and κij is the second order dielectric tensor. The
electric field can be expressed as the derivative of the electric potential φ as Ei = −φ,i.
The constitutive equation for the mechanical stress σ is:
σij = Cijkl εkl + µlijk El,k − hijklmn εlm,nk , (18)
where the first term is the elastic response, the second term is the converse flexoelectric
effect and the third term is the strain-gradient elastic response. This last term is intro-
duced for two reasons: firstly, for a physical purpose, because it enriches the continuum
theory of elasticity extending its validity to nanoscales and secondly, for a computational
purpose, because it stabilizes numerical solutions. C is the fourth-order tensor of elastic
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moduli, ∇E is the electric field gradient and h is the sixth-order strain-gradient elasticity
tensor.
Equations (17) and (18) are derived from the electromechanical enthalpy energy density
for a linear flexoelectric solid, which can be written as:
H(εij, Ei, εjk,l) = 1
2
Cijkl εij εkl − µijklEi εjk,l − 1
2
κij EiEj +
1
2
hijklmn εij,k εlm,n . (19)
By minimizing Eq. (19) it is possible to obtain numerically the optimized values for the
displacement field u and the electric potential field φ. Thus, any geometry can be analyzed
to evaluate flexoelectricity and there is no need to use analytical methods. Nonetheless,
note the presence of the second derivatives of the displacements in Eq. (19).
The problem analyzed in this work cannot be solved using traditional finite elements
methods (FEM) because the strain gradient needs to be calculated and therefore second
derivatives of the displacement field are needed. The reason is that FEM uses C0 approx-
imant functions but to solve this problem the approximant functions must be at least C1.
Figures (6) and (7) show a schematic of the problem.
Figure 6: Example of approximant function for node i using traditional FEM.
Figure 7: Example of the derivative of the approximant function for node i using tradi-
tional FEM.
A solution to this problem is to use smooth basis functions. These approximant functions
are C∞ and they are both continuous and derivable in the adjacent nodes.
In this work, the method that has been chosen to solve the presented problem is the
maximum - entropy (max-ent) method (Arroyo and Ortiz, 2005). This method consists
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on a one-parameter family of C∞, smooth convex approximation schemes. These schemes
can be used as a basis for the numerical solution of PDEs. Furthermore, it is proved
that the accuracy of local max-ent approximation schemes is superior than the accuracy
of FEM. This method allows to determine several smooth basis functions pα(x) localized
around its corresponding node. Figure (8) shows a schematic of these functions.
Figure 8: Example of smooth approximant functions. The γ parameter controls the
locality of the function (Arroyo and Ortiz, 2005).
All terms in Eq. (19) need to be discretized in order to obtain a numerical solution. The
discretized form of displacement field u and electric potential field φ are:
u(x) =
N∑
a=1
pa(x) ua , φ(x) =
N∑
a=1
pa(x)φa . (20)
From this point on, the arguments of the basis functions are omitted for simplicity, re-
sulting u =
∑N
a=1 p
aua.
After introducing the discretized form of the displacement and electric potential fields as
well as their respective derivatives in Eq. (19), the discrete representation of the total
electromechanical entalpy becomes:
H(U, φ) =
1
2
∑
a,b
uaT
(∫
Ω
Bu(p
a)CBTu(pb)dΩ
)
ua +
∑
a,b
uaT
(∫
Ω
Hu(p
a)µTBTφ (p
b)dΩ
)
φb
+
1
2
∑
a,b
(∫
Ω
Bφ(p
a)KBTφ (p
b)dΩ
)
φaφb +
1
2
∑
a,b
uaT
(∫
Ω
Hs(p
a)hHTs (p
b)dΩ
)
ua
−
∑
a
(∫
Γt
t¯padS
)
ua +
∑
a
(∫
ΓD
ωpadS
)
φa
,
(21)
where t¯ are the imposed mechanical tractions and ω the prescribed change density. For
more detail, see (Abdollahi et al., 2015).
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From Eq. (21) the classic system of functions Kx = f can be solved, where the matrix
K corresponds to the first four terms except for the continuum displacements u and the
electric potential fields φ, which correspond to x. The last two terms of the equation
correspond to the boundary conditions of the problem f .
This numerical method is applied to the problem of the truncated cone with the same
characteristics as the truncated cone in Section (3.1). Stress free boundary conditions
have been chosen and the displacements along x, y and z axis as well as the electric
potential are prescribed to be zero at the fixed end. The displacements and the electric
potential are unknown at the free end.
Once the problem is solved and the electric potential is calculated at the free end, it is
possible to obtain polarization as:
P = K E = −K∇φ , (22)
where P is the polarization, E is the electric field, φ is the electric potential andK is the di-
electric constant of the Barium Strontium Titanate, whose value is K = 0.885µC/(V m2).
Figure (9) shows the results of the simulation with numerical methods. The edges of the
cone have been rounded to avoid unphyiscal singularities.
Figure 9: Numerical simulation results.
Therefore, the maximum value of the induced polarization is:
Pmax, numerically = 0.0323C/m
2 . (23)
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As in Section (3.1), polarization is focused on the free end of the truncated cone and it
decreases along the z axis, becoming zero on the fixed end of the truncated cone.
3.3 Consistency of the methods
It is essential to understand the importance of coupling strain gradient and polarization
when solving the flexoelectricity problem. If this coupling is not correctly introduced,
an error is produced. Nonetheless, in some cases this error is small and therefore the
uncoupled problem can be solved with an acceptable accuracy.
On the one hand, the problem has been solved uncoupled following the analytical method
and the maximum value of the polarization is obtained as:
Pmax, analytically = 0.0434C/m
2 .
On the other hand, the problem has been solved coupled following the numerical method
and the maximum value of the polarization is calculated as:
Pmax, numerically = 0.0323C/m
2 .
After analyzing both solutions, it is clear that they are not identical because an approx-
imation error has been produced. Nevertheless, they are comparable and in the same
order of magnitude. Furthermore, polarization is accumulated on the free end and its
value decreases along the z axis, becoming zero at the fixed end.
These results show the consistency of both methods. Despite this small difference, the
numerical method results in a reasonable solution. Therefore, other geometries can be
analyzed and compared regarding the flexoelectric response.
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4 Results and discussion
In Section (3) both the analytical and the numerical methods have been studied and
compared for a truncated cone. In this section, other geometries are presentend and the
values of the polarization are obtained according to several numerical simulations using
the max-ent scheme. This will help to determine what geometries are optimal to induce
the highest value of polarization and to solve the problem from other perspectives in which
several difficulties may arise.
4.1 Truncated cone #1
In this section, the results from the first simulation are compiled. The properties of this
truncated cone are the same properties as the cone analyzed in Section (3.2). These
properties are presented in Table (2), with R0 = 263nm and r0 = 75nm.
The maximum value of the induced polarization for the truncated cone #1 according to
the simulation is:
Pmaxnumerically, truncated cone#1 = 0.0323C/m
2 . (24)
Figure (10) shows the results of the simulation:
Figure 10: Numerical simulation results for the truncated cone #1.
20 4 RESULTS AND DISCUSSION
The maximum value of the induced polarization for the truncated cone #1 according to
the analytical method is:
Pmaxanalytically, truncated cone#1 = 0.0434C/m
2 . (25)
Thus, as stated in Section (3.3), both solutions are comparable and the uncoupled ana-
lytical problem is accurate enough.
4.2 Truncated cone #2
The properties of the truncated cone #2 are exactly the same as those for the truncated
cone #1 except for the radii. For the truncated cone #2, R0 = 932nm and r0 = 87nm,
which results in a fatter cone.
The maximum value of the induced polarization for the truncated cone #2 according to
the simulation is:
Pmaxnumerically, truncated cone#2 = 0.0745C/m
2 . (26)
Figure (11) shows the results of the simulation:
Figure 11: Numerical simulation results for the truncated cone #2.
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Nevertheless, the maximum value of the induced polarization for the truncated cone #2
according to the analytical method is:
Pmaxanalytically, truncated cone#2 = 0.7392C/m
2 . (27)
This new ratioR0/r0 of the radii makes the cone much fatter and therefore the effects of the
strain gradient on the polarization are different from the previous cone. The maximum
value of the polarization is larger for the truncated cone #2 than the truncated cone
#1 in both analytical and numerical results. However, there is a divergence between the
analytical and the numerical results. In fact, the value of the polarization is overestimated
in the analytical solution, being ten times larger for the truncated cone #2.
This difference shows the importance of numerical methods when solving a complex prob-
lem such as the flexoelectric coupled problem. For certain geometries, the simplifications
made in the analytical problem do not have a strong incidence in the final result, as in
the truncated cone #1. Surprisingly, for another cone with different dimensions, such as
the truncated cone #2, the analytical solution does not make any sense because the error
due to simplifications is too large.
A similar situation was detected in (Abdollahi et al., 2015) for truncated pyramids under
compression loads, as explained in Section (2.2). For high values of the inclination angles,
both numerical and analytical solution are similar, whereas for low values of the inclination
angle, the analytical method overestimates the results.
4.3 Truncated pyramid
Pyramids behave slightly different than cones under torsion. To determine this behaviour,
a truncated pyramid is studied. The problem analyzed with this pyramid is exactly the
same as the problem for the truncated cone except for the geometry of the nanobeam.
For the truncated pyramid, D0 = 332nm and d0 = 146nm, where D0 corresponds to the
side of the larger base and d0 corresponds to the side of the smaller base of the truncated
pyramid.
For the truncated pyramid problem, only the numerical solution has been considered. In
fact, numerical methods and simulations are thought to work as a tool for solving complex
problems and geometries, skipping all the analytical proceedings and providing the users
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with high accuracy and a wide variety of geometries to work on, such as this truncated
pyramid.
The maximum value of the induced polarization for the truncated pyramid according to
the numerical method is:
Pmaxnumerically, truncated pyramid = 0.0143C/m
2 . (28)
Figure (12) shows the results of the simulation:
Figure 12: Numerical simulation results for the truncated pyramid.
It is clear that the value of the polarization obtained for the truncated pyramid is con-
siderably smaller than for the truncated cones, being almost three times smaller than for
the truncated cone #1 and seven times smaller than for the truncated cone #2.
4.4 Optimal geometry
The main goal of this work is to obtain large values of polarization when a torque is
applied on a nanobeam. Thus, the optimal configuration of the beam should produce the
highest possible value of polarization. This is essential when developing an experiment
because low values of polarization are impossible to measure with the available tools.
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The properties of the material have an important influence on the results of the polar-
ization. For materials whose flexoelectric coefficient µ is large, it is easier to measure
polarization. It has been found that dielectric materials such as ferroelectrics have large
values of µ (Ma and Cross, 2006). The flexoelectric effect could enhance the ferroelectric
effect and produce higher values of polarization when both phenomena are induced.
According to the results in Sections (4.1), (4.2) and (4.3), the optimal configuration would
be the fatter truncated cone because it induces the maximum value of polarization, result-
ing twice the polarization for the slimmer cone. The value of the polarization obtained for
the truncated cone #2 is measurable with the available technological tools. The truncated
pyramid induces a low value of polarization and therefore it is not a recommended con-
figuration for an experiment. Nonetheless, other geometries should be explored in order
to obtain the optimal configuration and carry out a hypotethic experiment successfully.
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5 Summary, conclusions and directions of future work
Several important conclusions related to flexoelectricity in nanobeams under torsion have
derived from this work. These conclusions lead to several directions of future work which
could complement the reasearch developed in the present work.
5.1 Summary and conclusions
The main conclusions derived from this work are:
i An electromechanical coupling different from piezoelectricity has gained
popularity in the last years: flexoelectricity. Flexoelectricity relates polariza-
tion and strain gradient and it is proved to be relevant in nanoscale systems for any
dielectric, whereas in piezoelectricity polarization can be obtained from an homoge-
neous deformation in macroscale systems, but only for non-centrosymmetric materials.
Although there are many recent flexoelectricity studies, the accurate characterization
of the phenomenon is in process and there is still a lot to discover. This work has con-
tributed to the development of flexoelectricity focusing on nanobeams under torsion.
ii Torsion can induce a shear strain gradient on several geometries to obtain
polarization. The strain gradient induced by a torque applied on the free end of a
cylinder has been calculated using the theory of elasticity and the result has been zero.
Then, the same problem has been solved with a truncated cone and a certain non-zero
value of the strain gradient has been obtained. Then, this value has been introduced
in the fundamental flexoelectric expression. Nonetheless, an error is produced when
polarization and strain gradient are solved separately and not coupled in the problem.
A certain value of polarization has been obtained using analytical methods and an
error has been produced and assumed.
iii Smooth functions are used to solve the flexoelectric problem numerically.
Working with strain gradients, i.e. the second derivative of the displacement field is
not trivial when using numerical methods. The need of computing second derivatives
makes traditional finite element methods useless and therefore other methodologies
must be considered to solve the problem. In this work, smooth functions from the
max-ent scheme are used to obtain the results. The problem of flexoelectricity can be
solved with all the terms coupled from the electromechanical enthalpy energy density,
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providing better accuracy to the solution. A certain value has been obtained using a
numerical simulation.
iv The results of both analytical and numerical methods have been discussed.
Despite an error is committed in the analytical method, both results are comparable.
Thus, the numerical method is considered to be an accurate tool to obtain a solution
from any type of beam geometry.
v Several geometries have been compared using numerical simulations in
order to maximize polarization. Two different truncated cones and a truncated
pyramid have been studied. Polarization reaches its maximum value at the free end
of all geometries, where the torque is applied, and decreases until the value of zero
at the fixed end. For the fatter truncated cone, the analytical method overestimates
the value of the polarization, being ten times larger than the numerical method. The
maximum value of polarization has been obtained from the fatter truncated cone,
being almost three times larger than for the slimmer truncated cone and seven times
larger than the truncated pyramid, all of them obtained numerically. This makes the
fatter truncated cone an ideal candidate for experimental configuration.
5.2 Directions of future work
The work carried out in this study also leaves some open research lines for the future.
The following lines are suggested:
i Detecting what factors induce an error of one order of magnitude between
the results of polarization in the analytical and the numerical methods
for the fatter truncated cone. While for the slimmer cone the analytical and
numerical solutions are similar, in the fatter cone the difference is abrupt. Try to
measure the impact of these factors and establish in which conditions the solution for
the uncoupled problem is accurate.
ii Understanding why the maximum values of polarization are located in
subdomains of the base of the truncated cones and the truncated pyramid.
This polarization should change from zero to its maximum value in the θ direction,
which means that for a certain angle both the zero and the maximum value collapse.
From a mathematical point of view this is not possible and therefore the simulation
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is forced to create four domains where polarization is maximum and four domain
walls between these domains where polarization reaches its minimum value. Try to
distinguish what factors induce these subdomains and why there are always four of
them in truncated cones as well as in truncated pyramids.
iii Exploring new geometries apart from those analyzed in this work to maxi-
mize polarization. To configure a fully optimized experiment more geometries need
to be studied and solutions must be as accurate as possible, with very fine meshes.
With large values of polarization an experiment could be carried out and therefore
the shear flexoelectric coefficient µ1212 could be estimated.
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